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MOH’S EXAMPLE OF ALGEBROID SPACE CURVES
RANJANA MEHTA, JOYDIP SAHA, AND INDRANATH SENGUPTA
ABSTRACT. In this paper we revisit the family of algebroid space curves
defined by Moh and find an explicit minimal generating set for the defin-
ing ideal.
Moh [2] defined the following family of alegbroid space curves to exhibit
that its defining ideal requires an arbitrarily large number of generators. Let
k be a field. Let n an odd positive integer and m = (n + 1)/2. Let λ be an
integer such that λ > n(n+1)m and gcd(λ,m) = 1. Let ρn : k[[x, y, z]] →
k[[t]] be a mapping defined by
ρn(x) = t
nm + tnm+λ, ρn(y) = t
(n+1)m, ρn(z) = t
(n+2)m.
Let pn = ker(ρn) and Pn = pn ∩ k[x, y, z]. Moh proved in [3] that the
minimal number of generators of pn is µ(pn) = n + 1. Moh also proved
that the ideal pn has a determinantal structure. However, it is not easy to
read the generators explicitly from Moh’s work. The generators in explicit
form often become important especially when one is trying to understand
issues like smoothness of blowups for such curves, which is particularly
interesting in the case n = 1, when it is known to be a complete intersec-
tion. We have tried out two different approaches for constructing a minimal
generating set. For the special case of n = 1, our approach would be to
find a Gro¨bner basis first for the contracted ideal Pn = pn ∩ k[x, y, z] in the
polynomial ring k[x, y, z] in section 1 and use that to construct a minimal
set of generators for pn in the power series ring, in section 2. In case of
general n has been worked out in detailed in section 3 and our method is
more direct. We have constructed the generators for the ideal pn, with the
help of computations with [1].
We have observed that it is helpful if we rewrite Moh’s examples by
introducing some new parameters. Let us write λ = A + Bp + r, where
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A = n(n + 1)m; B = (n + 2)m; 1 ≤ r ≤ B and p ∈ Z≥0. Note that
gcd(λ,m) = 1 implies that gcd(r,m) = 1.
1. GRO¨BNER BASIS OF THE IDEAL P1 IN k[x, y, z]
Our motivation behind this study is to understand Moh’s class of curves
from the computational perspective. We will see that it would be helpful if
we rewrite Moh’s examples by introducing some new parameters. Recall
that n is an odd positive integer, m = (n + 1)/2 and λ is an integer such
that λ > n(n + 1)m with gcd(λ,m) = 1. Let us write λ = A + Bp + r,
where A = n(n + 1)m; B = (n + 2)m; 1 ≤ r ≤ B and p ∈ Z≥0. Note
that gcd(λ,m) = 1 implies gcd(r,m) = 1. In the case of n = 1, we have
m = 1, λ > 2, A = 2, B = 3, r ∈ {1, 2, 3} and p ∈ Z≥0.
Theorem 1.1. Let us consider the lexicographic monomial order induced
by x > y > z on k[x, y, z]. Let us write
• g1 = y
3 − z2,
• g2 = xz − y
2 − y(3−r)z(r+p),
• g3 = xy − z − y
(4−r)z(r+p−1),
• g4 = x
2 − y − xy(3−r)z(r+p−1) − y
1
2
(r−2)(3r−5)z(−r
2+4r+p−2);
where r and p are defined above. The set G = {g1, g2, g3, g4} forms a
Gro¨bner basis for the ideal I = 〈g1, g2, g3, g4〉, with respect to the chosen
monomial order.
Proof. We proceed by Buchberger’s algorithm and examine each S-polynomial
separately.
(i) We have gcd(LT(g1),LT(g2)) = 1 and gcd(LT(g1),LT(g4)) = 1.
Therefore S(g1, g2) −→G 0 and S(g1, g4) −→G 0.
(ii) We haveS(g1, g3) = −xz
2+y2z+y(6−r)z(r+p−1). Therefore, S(g1, g3) =
−z · g2 + y
(3−r)z(r+p−1) · g1 −→G 0.
(iii) We have S(g2, g3) = −g1 −→G 0.
(iv) We have S(g2, g4) = −xy
2 + yz + y
1
2
(r−2)(3r−5)z(−r
2+4r+p−1). If r is
either 1 or 2, then S(g2, g4) = −y
(2−r)z(r−1+p) · g1 − y · g3 −→G 0. If
r = 3, then S(g2, g4) = −y · g3 −→G 0.
(v) We have S(g3, g4) = −xz + y
2 + y(
1
2
r2− 11
2
r+6)z(−r
2+4r−2+p). If r
is either 1 or 2, then S(g3, g4) = −(g2) −→G 0. If r = 3, then
S(g3, g4) = −g2 + z
(1+p) · g1 −→G 0. 
Theorem 1.2. The ideal I = 〈g1, g2, g3, g4〉 is a prime ideal in the polyno-
mial ring k[x, y, z].
Proof. Let us consider the lexicographic monomial order in k[x, y, z] in-
duced by x > y > z. By 1.1 the set G = {g1, g2, g3, g4} forms a Gro¨bner
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basis for the ideal I with respect to the said order. Suppose fh ∈ I and
f /∈ I , h /∈ I . We may assume that neither LT(f) nor LT(h) is divisible by
any one of LT(gi), 1 ≤ i ≤ 4. We know that LT(g1) = y
3, LT(g2) = xy,
LT(g3) = xz and LT(g4) = x
2. We claim that, LT(gi), 2 ≤ i ≤ 4 can
not divide any monomial in supp(f)∪ supp(h), otherwise, we use division
algorithm to reduce f (or h) modulo G = {g1, g2, g3, g4} to the nonzero
remainder R and work with R instead of f (or h).
Case 1. Let y3 | LT(fh) = LT(f)LT(h). We assume that x ∤ LT(fh)
otherwise we consider case 2. Since y3 ∤ LT(f) and y3 ∤ LT(h), let
f = y2
(
k∑
i=1
mi
)
+ y
(
l∑
j=1
m
′
j
)
+
(
p∑
t=1
m
′′
t
)
where x,y does not divide any monomial in the set {mi, m
′
j, m
′′
t | 1 ≤ i ≤
k, 1 ≤ j ≤ l, 1 ≤ t ≤ p}. Note that the indeterminate x is the largest
among x, y, z and it does not divide LT(f); therefore x can not divide any
monomialm
′′
i in the support of f . Therefore we may take
f = y2p1(z) + yp2(z) + p3(z)
where pi(z) ∈ k[z] for 1 ≤ i ≤ 3. Similarly we can take
h = y2q1(z) + yq2(z) + q3(z)
where qi(z) ∈ k[z] for 1 ≤ i ≤ 3. Therefore
fh = y4p1(z)q1(z) + y
3(p1(z)q2(z) + p2(z)q1(z)) + y
2(p1(z)q3(z)
+p2(z)q2(z) + p3(z)q1(z)) + y(p2(z)q3(z) + p3(z)q2(z)) + p3(z)q3(z).
We divide by g1 to get,
yz2p1(z)q1(z) + z
2 [p1(z)q2(z) + p2(z)q1(z)] + y
2[p1(z)q3(z) + p2(z)q2(z)
+ p3(z)q1(z)] + y[p2(z)q3(z) + p3(z)q2(z)] + p3(z)q3(z) ∈ I.
This leads to a contradiction because leading term of above expression is
not divisible by any LT(gi), 1 ≤ i ≤ 4.
Case 2. Let xy | LT(fh) = LT(f)LT(h). Without loss of generality
we assume that x | LT(f) and y | LT(h). Since LT(f) and LT(g) are
not divisible by any LT(gi), 1 ≤ i ≤ 4, we have x
2, y, z not dividing
LT(f) and x, y3 not dividingLT(h). Hence x does not divide any monomial
in supp(h). Furthermore, y3 does not divide any monomial in supp(f) ∪
supp(h). Therefore we have f = x+ p(y, z), where
p(y, z) = y2p1(z) + yp2(z) + p3(z) ∈ k[y, z]
and
h = y2q1(z) + yq2(z) + q3(z),
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where pi(z), qi(z) ∈ k[z] for 1 ≤ i ≤ 3. Therefore
fh = xy2q1(z) + xyq2(z) + xq3(z) + y
2q1(z)p(y, z)
+yq2(z)p(y, z) + q3(z)p(y, z) ∈ I;
and dividing by g3 we get
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + xq3(z) + y
2q1(z)p(y, z)(1.1)
+ yq2(z)p(y, z) + q3(z)p(y, z) ∈ I.
If q3 is a nonzero constant then leading term of the above expression is x,
which gives a contradiction. If q3 = 0 then substituting the expression for
p(y, z) we get,
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + [y
2q1(z) + yq2(z)][y
2p1(z)
+ yp2(z) + p3(z)] ∈ I.
Hence,
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + y
4q1(z)p1(z)
+ y3[p2(z)q1(z) + q2(z)p1(z)] + y
2[q1(z)p3(z) + q2(z)p2(z)]
+ yq2(z)p3(z) ∈ I.
Dividing the above expression by g1 we get
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + yz
2q1(z)p1(z)
+ z2[p2(z)q1(z) + q2(z)p1(z)] + y
2[q1(z)p3(z) + q2(z)p2(z)]
+ yq2(z)p3(z) ∈ I
Suppose r = 3, then, the leading term of the above expression is not
divisible by any LT(gi), 1 ≤ i ≤ 4, which leads to a contradiction.
Suppose r = 1, then,
[z + y3zp][yq1(z) + q2(z)] + yz
2q1(z)p1(z)
+ z2[p2(z)q1(z) + q2(z)p1(z)] + y
2[q1(z)p3(z) + q2(z)p2(z)]
+ yq2(z)p3(z) ∈ I.
Dividing the above expression by g1, we get,
[z + zp+2][yq1(z) + q2(z)] + yz
2q1(z)p1(z)
+ z2[p2(z)q1(z) + q2(z)p1(z)] + y
2[q1(z)p3(z) + q2(z)p2(z)]
+ yq2(z)p3(z) ∈ I
However, the leading term of the above expression is not divisible by any
LT(gi), 1 ≤ i ≤ 4, which is impossible.
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Suppose r = 2, then
[z + y2zp+1][yq1(z) + q2(z)] + yz
2q1(z)p1(z)
+ z2[p2(z)q1(z) + q2(z)p1(z)] + y
2[q1(z)p3(z) + q2(z)p2(z)]
+ yq2(z)p3(z) ∈ I
We divide by g1 and get,
z[yq1(z) + q2(z)] + z
p+3q1(z) + y
2zp+1q2(z) + yz
2q1(z)p1(z)
+ z2[p2(z)q1(z) + q2(z)p1(z)] + y
2[q1(z)p3(z) + q2(z)p2(z)]
+ yq2(z)p3(z) ∈ I
Again leading term of the above expression is not divisible by any LT(gi),
1 ≤ i ≤ 4, which is impossible.
Let q3(z) = zr(z) + c, then, from 1.1 we have
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + x[zr(z) + c] + y
2q1(z)p(y, z)
+ yq2(z)p(y, z) + [zr(z) + c]p(y, z) ∈ I.
Dividing the above expression by g2 we get
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + [y
2 + y(3−r)z(r+p)]r(z) + cx
+ y2q1(z)p(y, z) + yq2(z)p(y, z) + [zr(z) + c]p(y, z) ∈ I.
If c 6= 0 then the leading term of the above expression is cx, which is not
divisible by any LT(gi), 1 ≤ i ≤ 4, and this leads to a contradiction. If
c = 0, then substituting p(y, z) by y2p1(z) + yp2(z) + p3(z) and dividing
by g1 we get
[z + y(4−r)z(r+p−1)][yq1(z) + q2(z)] + [y
2 + y(3−r)z(r+p)]r(z)
+ y2[q2(z)p2(z) + zr(z)p1(z)]
+ y[z2q1(z)p1(z) + q2(z)p3(z) + zr(z) + p2(z)]
+ z2[q1(z)p2(z) + q2(z)p1(z)] + zr(z)p3(z) ∈ I
Again we consider cases depending on different values of r. If r = 3, then
the leading term of the above expression is not divisible by any LT(gi),
1 ≤ i ≤ 4, which is impossible. If r = 1, then division by g1 gives
[z + z(2+p)][yq1(z) + q2(z)] + [y
2 + y2z(1+p)]r(z)
+ y2[q2(z)p2(z) + zr(z)p1(z)]
+ y[z2q1(z)p1(z) + q2(z)p3(z) + zr(z) + p2(z)]
+ z2[q1(z)p2(z) + q2(z)p1(z)] + zr(z)p3(z) ∈ I
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Again leading term of the above expression is not divisible by any LT(gi),
1 ≤ i ≤ 4, which gives a contradiction. Finally, if r = 2, we divide the
expression by g1 and get
z[yq1(z) + q2(z)] + z
(p+3)q1(z) + y
2z(p+1)q2(z) + [y
2 + yz(2+p)]r(z)
+ y2[q2(z)p2(z) + zr(z)p1(z)]
+ y[z2q1(z)p1(z) + q2(z)p3(z) + zr(z) + p2(z)]
+ z2[q1(z)p2(z) + q2(z)p1(z)] + zr(z)p3(z) ∈ I
Leading term of the above expression is not divisible by any LT(gi), 1 ≤
i ≤ 4, which gives a contradiction.
Case 3. Let xz | LT(fh) = LT(f)LT(h). We assume that y ∤ LT(fh),
otherwise xy | LT(fh) and we are back to the Case 2. Without loss of
generality we assume that x | LT(f) and z | LT(h). Since x2, y, z do not
divide LT(f) and x, y do not divide LT(h), we have f = x + y2p1(z) +
yp2(z) + p3(z) and h = q(z), where q(z), pi(z) ∈ k[z], 1 ≤ i ≤ 3. Then,
fh = xq(z) + [y2p1(z) + yp2(z) + p3(z)]q(z).
Suppose that q(z) = zt(z) + d; after dividing by g2 we get
[y2 + y(3−r)z(r+p)]t(z) + dx+ [y2p1(z) + yp2(z) + p3(z)]q(z) ∈ I.
If d 6= 0 then the leading term of the above expression is dx, which is not
divisible by any LT(gi), 1 ≤ i ≤ 4, a contradiction. If d = 0, then also
the leading term of the above expression is not divisible by any LT(gi),
1 ≤ i ≤ 4, a contradiction.
Case 4. Let x2 | LT(fh); then x divides LT(f) and LT(h) both. Again by
same argument as in the previous cases we have
f = x+ y2p1(z) + yp2(z) + p3(z)
and
h = x+ y2q1(z) + yq2(z) + q3(z),
where pi, qi(z) ∈ k[z], for 1 ≤ i ≤ 3. We argue similarly and keep on
dividing by gi’s, finally arriving at a contradiction. 
Theorem 1.3. The polynomial g3 is irreducible in the ring k[x, y, z] and
k[[x, y, z]]. Hence {g4, g3} forms a regular sequence of length 2.
Proof. We write, g3 = Rx+ S where,
R = y, S = −[z + y(4−r)z(r+p−1)].
Choose n = z, then n | S, n ∤ R and n2 ∤ S. By the Eisenstein criterion g3
is an irreducible polynomial in the ring k[x, y, z] and k[[x, y, z]]. 
MOH’S EXAMPLE OF ALGEBROID SPACE CURVES 7
Theorem 1.4. P1 = I = 〈g1, g2, g3, g4〉.
Proof. We have ρ1(gi) = 0, for 1 ≤ i ≤ 4, hence I ⊂ P1. Again by
theorem 2, {g3, g4} ⊂ I forms a regular sequence of length 2. Consider the
chain 0 ⊂ 〈g3〉 ⊂ I ⊂ P1. Given that, ht(P1) = 2, I ⊂ P1 and that I is a
prime ideal, we have P1 = I . 
Lemma 1.5. (1) If r ∈ {1, 2}, then I = 〈g3, g4〉.
(2) if r = 3, then I = 〈g2, g3, g4〉.
Proof. It is easy to see that g1 = z(g3)− y(g2). We have
g2 = y(x
2 − y − xy(3−r)z(r−1+p) − y
1
2
(r−2)(3r−5)z(−r
2+4r−2+p))−
x(xy − z − y(4−r)z(r−1+p))
For r = 1 and r = 2, we have 3r
2−11r+12
2
= 3 − r and r2 − 4r + 2 = −r.
Therefore g2 = y(g4)− x(g3). 
2. THE IDEAL p1 IN THE RING k[[x, y, z]]
We now show that the situation in algebroid case is significantly different.
We now use the following theorem proved by Moh in [3] to prove that the
set {g3, g4} forms a generating set for the ideal p1 in the power series ring
k[[x, y, z]]. Let us recall that Moh [3] defined the σ-weight as σ(x) = xn,
σ(y) = yn+1, σ(z) = zn+2. The σ order of f(x, y, z) ∈ k[[x, y, z]] is
ord σf(x, y, z). The σ leading form of f(x, y, z) is σ−1(the leading form
of σf(x, y, z)). f(x, y, z) ∈ k[[x, y, z]] is said to be σ homogeneous if
f(x, y, z) = σ leading form of f(x, y, z).
Theorem 2.1. The prime ideal pn needs at least n + 1 generators. There
are f1, . . . , fn ∈ pn such that:
(1) the σ-leading form of fi belong to the set Vn2+n+i−1, for i = 1, . . . , n,
where
Vr = {σ − homogeneous form of σ − order r} ∩
{σ − leading forms of elements in pn} ∪ 0;
(2) x (the σ− leading form of f1) and the σ− leading form of fn+1
generate Vn2+2n.
Moreover, any f1, . . . , fn+1 ∈ pn satisfying conditions (1) and (2) generate
pn.
Proof. See [3]. 
Theorem 2.2. The set {g3, g4} forms generating set for the ideal p1 in the
ring k[[x, y, z]]
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Proof. We consider the case n = 1, therefore we prove the followings,
(i) The σ− leading form of g3 ∈ V2,
(ii) x( the σ− leading form of g3) and the σ− leading form of g4 generate
V3.
Case r = 1. We have
g3 = x
2 − y − xy2zp − yz(1+p), g4 = xy − [z + y
3zp].
Therefore σ leading form of g3 is x
2 − y = h1 ∈ V2 and σ leading form of
g4 is xy − z = h2 ∈ V3. It is enough to show x(x
2 − y) = x3 − xy and
xy − z generates V3. Let h(x, y, z) ∈ V3 then,
h(x, y, z) ∈ W3 = {σ homogeneous form ofσ order 3}
and it is also σ leading forms of elements of p1.
As h(x, y, z) ∈ W3, h(x, y, z) is σ homogeneous form and ord(σh(x, y, z))=3,
Now any homogeneous total degree 3 polynomial inK[[x, y, z]] can be writ-
ten as
a1x
3+a2y
3+a3z
3+a4xy
2+a5x
2y+a6xyz+a7xz
2+a8x
2z+a9yz
2+a10y
2z.
We write the above expression as follows,
σh(x, y, z) = h(x, y2, z3)
= a1x
3 + a2y
3 + a3z
3 + a4xy
2 + a5x
2y
+ a6xyz + a7xz
2 + a8x
2z + a9yz
2 + a10y
2z.
we must have, a2 = a5 = a6 = a7 = a8 = a9 = a10 = 0. Therefore,
h(x, y2, z3) = a1x
3 + a3z
3 + a4xy
2, hence, h(x, y, z) = a1x
3 + a3z+ a4xy
(since h is σ homogeneous).
Since h(x, y, z) is a σ leading forms of elements of p1, therefore there
exist g(x, y, z) ∈ p1 such that leading form of σg(x, y, z) is h(x, y, z).
Let g(x, y, z) = h(x, y, z) + f(x, y, z). Our claim is, after applying ρ any
monomial in support of f(x, y, z) cannot produce terms at3. Otherwise let
ρ(ai1i2i3x
i1yi2zi3) = at3 + () which implies i1 + 2i2 + 3i3 = 3
The possible solution of this equation is {(1, 1, 0), (0, 0, 1), (3, 0, 0)}hence
the corresponding monomial would be a(1,1,0)xy, a(0,0,1)z, a(3,0,0)x
3. which
gives a contradiction as, h(x, y, z) is σ homogeneous ord 3, σ leading form
of g(x, y, z). Thus our claim is proved.
We apply ρ on g(x, y, z) = h(x, y, z) + f(x, y, z) thus we get
0 = a1(t+ t
1+3(1+p))3 + a3t
3 + a4(t+ t
1+3(1+p))t2 + ρ(f(x, y, z)).
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Equating coefficient of t3, we get, a1 + a3 + a4 = 0.We have,
h(x, y, z) = a1x
3 + a3z + a4xy
= a1(x
3 − xy) + a3(z − xy) + (a1 + a3 + a4)xy
= a1(x
3 − xy) + a3(z − xy)
Therefore by theorem2.1, x3 − xy and xy − z generates V3.
Case r = 2. We have
g3 = x
2 − y − xyz(1+p) − z(p+2), g4 = xy − [z + y
2z(1+p)].
The σ leading form of g3 = x
2 − y and σ leading form of g4 = xy − z and
similar proof will works.
Case r = 3. We have
g3 = x
2 − y − xz(2+p) − y2z(1+p), g4 = xy − [z + yz
(2+p)].
The σ leading form of g3 = x
2 − y and σ leading form of g4 = xy − z,
hence similar proof will work. 
Theorem 2.3. The set {g3, g4} forms minimal generating set for the ideal
p1 in the ring k[[x, y, z]].
Proof. Height of the ideal p1 is 2 and the set {g3, g4} generates p1. Hence
by Krull’s theorem the set {g3, g4} forms minimal generating set for the
ideal p1. 
Corollary 2.4. Koszul complex minimally resolves the ideal p1 ⊂ k[[x, y, z]]
Proof. By p1 = {g3, g4} forms a regular sequence. 
3. EXPLICIT GENERATORS FOR pn IN k[[x, y, z]]
Let us first set some notations.
fσ1 = x
2m +
m∑
j=1
(−1)j
(
m+ j − 1
j − 1
)(
2m
m− j
)
x(m−j)y(2j−1)z(m−j)
fσ2 = x
2m−1y +
m∑
j=1
(−1)j
(
m+ j − 2
j − 1
)(
2m− 1
m− j
)
x(m−j)y(2j−2)z(m+1−j)
fσ2i−1 =
i∑
j=1
(−1)(j−1)c(2i−1,j)x
(2m−i−j+2)y(2j−2)z(i−j)
+
m+1−i∑
j=1
(−1)(j+i−1)c(2i−1,i+j)x
(m+1−i−j)y(2j−1)z(m−1+i−j), 2 ≤ i ≤ m
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fσ2i =
i∑
j=1
(−1)(j−1)c(2i,j)x
(2m−i−j+1)y(2j−1)z(i−j)
+
m+1−i∑
j=1
(−1)(j+i−1)c(2i,i+j)x
(m+1−i−j)y(2j−2)z(m+i−j), 2 ≤ i ≤ m.
We consider the equations,
aiizf
σ
i + ai(i+1)yf
σ
i+1 + ai(i+2)xf
σ
i+2 = 0(3.1)
aii, ai(i+1), ai(i+2) ∈ k, for 1 ≤ i ≤ n− 1. Therefore we have,
a(2i,2i)zf
σ
2i + a(2i,2i+1)yf
σ
2i+1 + a(2i,2i+2)xf
σ
2i+2 = 0.(3.2)
Equating coefficients we get equations,
a(2i,2i)c(2i,j) + a(2i,2i+1)c(2i+1,j) + a(2i,2i+2)c(2i+2,j) = 0, 1 ≤ j ≤ i
(3.3)
a(2i,2i+1)c(2i+1,i+1) + a(2i,2i+2)c(2i+2,i+1) = 0(3.4)
a(2i,2i)c(2i,i+1) − a(2i,2i+2)c(2i+2,i+2) = 0(3.5)
a(2i,2i)c(2i,i+j+1) + a(2i,2i+1)c(2i+1,i+j+1) − a(2i,2i+2)c(2i+2,i+j+2) = 0, 2 ≤ j ≤ m− i
(3.6)
a(2i,2i)c(2i,m+1) + a(2i,2i+1)c(2i+1,m+1) = 0(3.7)
Again we have
a(2i−1,2i−1)zf
σ
2i−1 + a(2i−1,2i)yf
σ
2i + a(2i−1,2i+1)xf
σ
2i+1 = 0(3.8)
a(2i−1,2i−1)c(2i−1,1) + a(2i−1,2i+1)c(2i+1,1) = 0,(3.9)
a(2i−1,2i−1)c(2i−1,j) − a(2i−1,2i)c(2i,j−1) + a(2i−1,2i+1)c(2i+1,j) = 0, 2 ≤ j ≤ i
(3.10)
a(2i−1,2i)c(2i,i) − a(2i−1,2i+1)c(2i+1,i+1) = 0(3.11)
a(2i−1,2i−1)c(2i−1,i+j) + a(2i−1,2i)c(2i,i+j) − a(2i−1,2i+1)c(2i+1,i+j+1) = 0, 1 ≤ j ≤ m− i
(3.12)
a(2i−1,2i−1)c(2i−1,m+1) + a(2i−1,2i)c(2i,m+1) = 0(3.13)
We know fσ1 and f
σ
2 , therefore we can find coefficients of f
σ
i inductively
using the relation 3.1 and these equations.
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In Moh’s curve we have λ > n(m+ 1) and gcd(λ,m) = 1. Let us write,
λ = (nm + w)(n + 1) + r, then 1 ≤ r ≤ n + 1 such that, gcd(λ,m) = 1.
Further if we write by division, w = α(n + 2) + q and w + n + 1 =
α
′
(n+ 2) + q
′
, then 0 ≤ q, q
′
≤ n+ 2.
Lemma 3.1. Suppose t1 = (q + (r − 1)(n + 1))mod(n + 2) and t
′
1 =
(q
′
+(r−1)(n+1))mod(n+2). Then n+2 divides n(m+1)+λ−(n+1)t1+1
and nm+ λ− (n + 1)t
′
1.
Proof. Let q + (r − 1)(n + 1)− t1 = (n + 2)k. Substituting the values of
λ and w we get,
n(m+ 1) + λ− (n+ 1)t1 + 1 =
n2 + 3n + 2
2
− (n+ 1)t1 + λ
= (n+ 2)[m− 2mk − rn+ 2αm+ 2(m− 1)2].
Let q
′
+ (r − 1)(n + 1)− t
′
1 = (n + 2)k
′
; substituting the values of λ and
w we get: nm+ λ− (n + 1)t
′
1 = (n + 2)[mn− k
′
− rn+ 2mα
′
]. 
Lemma 3.2. Suppose,
(1) νl =
(
2m
m+l
)
−
(
m−1
0
)(
m
l
)
−
(
m
1
)(
m−1
l
)
−
(
m+1
2
)(
m−2
l
)
−· · ·−
(
2m−(l+1)
m−l
)(
m−(m−l)
l
)
,
where 0 ≤ l ≤ m.
(2) µl =
(
2m
l
)
−
(
m
0
)(
2m
m−1
)(
m−1
l
)
+
(
m+1
1
)(
2m
m−2
)(
m−2
l
)
−
(
m+2
2
)(
2m
m−3
)(
m−3
l
)
+
· · ·+ (−1)(m−l)
(
2m−1−l
m−1−l
)(
2m
l
)(
m−(m−l)
l
)
, where 0 ≤ l ≤ m− 1.
Then µl = νl = 0, for all values of l.
Proof. (1). We use the identity
t∑
k=0
(
a + k
k
)(
s + t− k
t− k
)
=
(
a + s+ t+ 1
t
)
.
We take s = l, t = m− l, a = m− 1 and we get the result.
(2). Here we note that, the identity can be simplified into
µl =
(
2m
l
)
−
(
2m
l
)
[
(
2m−l
m+1
)(
m
0
)
−
(
2m−l
m+2
)(
m+1
1
)
+
(
2m−l
m+3
)(
m+2
2
)
+ . . . +
(−1)(m−l)
(
2m−l
2m−l
)(
2m−l−1
m−l−1
)
]. The rest of the proof is similar to that of (1). 
We define tl = (tl−1 + 2)mod(n + 2) and t
′
l = (t
′
l−1 + 2)mod(n + 2),
l ≥ 2. Let us define, for 1 ≤ l ≤ m,
m((n−2l+3),1) = x
l−1yt1z(
n(m+1)+λ−(n+1)t1+1
n+2
+m−l).
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Suppose by induction we have defined m((n−2l+3),s−1) for 1 ≤ s ≤ l; next
we define,
m((n−2l+3),s)) = x
l−sytszγ((n−2l+3),s−1)+ts−1−ts if ts−1 + 2 ≥ n+ 2
= xl−sytszγ((n−2l+3),s−1)−1 if ts−1 + 2 < n+ 2
where γ((n−2l+3),s−1) is power of z inm(n−2l+3),s−1).
Suppose that
m((n−2l+2,1) = x
lyt
′
1z(
nm+λ−(n+1)t
′
1
n+2
+m−l), 1 ≤ l ≤ m.
Suppose by induction we have definedm(n−2l+2,s−1) for 1 ≤ s ≤ l+ 1. We
define,
m(n−2l+2,s)) = x
(l−s+1)yt
′
sz(γ
′
(n−2l+2,s−1)
+t
′
s−1−t
′
s) if t
′
s−1 + 2 ≥ n + 2
= x(l−s+1)yt
′
sz(γ
′
(n−2l+2,s−1)
−1) if t
′
s−1 + 2 < n+ 2
where γ
′
(n−2l+2,s−1) is power of z inm(n−2l+2,s−1).
Lemma 3.3. Suppose that γ((n−2l+3),s) is power of z inm(n−2l+3,s), for 1 ≤
l ≤ m, 1 ≤ s ≤ l and that γ
′
(n−2l+2,s) is power of z in m(n−2l+2,s), for
1 ≤ l ≤ m, 1 ≤ s ≤ l + 1. Then γ((n−2l+3),s) > 0 and γ
′
(n−2l+2,s) > 0, for
all values of l, s.
Proof. Since λ > nm(n+1) and 0 ≤ t1, t
′
1 ≤ n−1, we have
n(m+1)+λ−(n+1)t1+1
n+2
>
m+1 and
nm+λ−(n+1)t
′
1
n+2
> m+1. Therefore γ((n−2l+3),s) > 0 and γ
′
(n−2l+2,s) >
0 for all values of l, s. 
Suppose that,
ζ1 = −
m+1∑
s=1
(
m+ s− 2
s− 1
)
m(1,s)
and
ζ2 = −
m∑
s=1
(
m+ s− 2
s− 1
)
m(2,s)
Let us define
f1 =x
2m +
m∑
j=1
(−1)j
(
m+ j − 1
j − 1
)(
2m
m− j
)
x(m−j)y(2j−1)z(m−j)
−
m+1∑
s=1
(
m+ s− 2
s− 1
)
m(1,s) = f
σ
1 + ζ1.
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f2 =x
2m−1y +
m∑
j=1
(−1)j
(
m+ j − 2
j − 1
)(
2m− 1
m− j
)
x(m−j)y(2j−2)z(m+1−j)
−
m∑
s=1
(
m+ s− 2
s− 1
)
m(2,s) = f
σ
2 + ζ2.
Lemma 3.4. The polynomials f1, f2 belong to the kernel pn.
Proof. At first we show that f1 lies in the kernel pn. We claim that,
ρn(m(1,u)) =
m+1−u∑
j=0
(
m+ 1− u
j
)
tnm(n+1)+λ(m+j).
We proceed by induction on u. For u = 1, it straightforward that,
ρn(m(1,1)) =
m∑
j=0
(
m
j
)
tnm(n+1)+λ(m+j).
Let us assume by induction it is true for u = s, then we have relation,
mn(m+1−s)+λj+m(n+2)[γ
′
(1,s−1)+t
′
s−1]−mt
′
s = mn(n+1)+λ(m+j).
We have to show that,
mn(m− s)+λj+m(n+2)[γ
′
(1,s)+ t
′
s]−mt
′
s+1 = mn(n+1)+λ(m+ j).
Where, γ
′
(1,s) = γ
′
(1,s−1) + (t
′
s−1 − t
′
s) and (t
′
s − t
′
s+1) = n. We have,
mn(m− s) + λj +m(n + 2)[γ
′
(1,s) + t
′
s]−mt
′
s+1
= mn(m− s) + λj +m(n + 2)[γ
′
(1,s−1) + t
′
s−1 − t
′
s + t
′
s]−mt
′
s+1
= mn(m− s+ 1) + λj +m(n + 2)[γ
′
(1,s−1) + t
′
s−1]−mt
′
s +m(t
′
s − t
′
s+1)−mn
= mn(n + 1) + λ(m+ j).
Thus our claim is proved. Next we have,
ρn(f1) =(t
nm + t(nm+λ))2m
+
m∑
j=1
(−1)j
(
m+ j − 1
j − 1
)(
2m
m− j
)
(tnm + t(nm+λ))(m−j)tmn(m+j)
−
m+1∑
s=1
(
m+ s− 2
s− 1
)
ρn(m(1,s)).
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Therefore,
ρn(f1) =(t
nm + t(nm+λ))2m
+
m∑
j=1
(−1)j
m−j∑
v=0
(
m+ j − 1
j − 1
)(
2m
m− j
)(
m− j
v
)
t(nm(m−j)+λv)tmn(m+j)
−
m+1∑
s=1
(
m+ s− 2
s− 1
)
ρn(m(1,s)).
Hence
ρn(f1) =
m−1∑
j=0
µjt
(nm(n+1)+λj) +
m∑
j=0
νjt
(nm(n+1)+λ(m+j)) = 0.
Similarly we can show that, f2 also lies in pn. 
For 1 ≤ l ≤ m, let us write
ζn−2l+3 = −
(
d((n−2l+3),1)m((n−2l+3),1) + · · ·+ d((n−2l+3),l)m((n−2l+3),l)
)
,
and
ζn−2l+2 = −
(
d((n−2l+2),1)m(n−2l+2,1) + · · ·+ d((n−2l+2),(l+1))m((n−2l+2),(l+1))
)
.
We write fi = f
σ
i + ζi, 1 ≤ i ≤ n + 1. Then the coefficients of ζi are
determined inductively by the relation, aiizfi+ai(i+1)yfi+1+ai(i+2)xfi+2 =
0, for 1 ≤ i ≤ n− 1, where aii, ai,i+1, ai,i+2 ∈ k are the same as in 3.1.
Theorem 3.5. Let {f1, . . . , fn+1} be a set of polynomials such that fi =
fσi + ζi, 1 ≤ i ≤ n+ 1. Then f1, . . . , fn+1 generates pn.
Proof. We observe that, by lemma 3.4, f1, f2 ∈ pn and aiizfi+ai(i+1)yfi+1+
ai(i+2)xfi+2 = 0, for 1 ≤ i ≤ n− 1, therefore fi ∈ pn, for 1 ≤ i ≤ n+ 1.
It is easy to observe that σ-leading form of fi is f
σ
i . Moreover f
σ
i ∈
Vn2+n+i−1, for 1 ≤ i ≤ n + 1, where
Vr = {σ − homogeneous form of σ − order r} ∩
{σ − leading forms of elements in pn} ∪ 0.
At-first we show that {f¯1, . . . , f¯n} is linearly independent in pn/mpn, where
m is the maximal ideal of the ring k[[x, y, z]]. We consider the expression∑n
i=1 hifi ∈ mpn. Let us take a generating set {p1, . . . , pn} of pn as de-
scribe in 2.1. We have
∑n
i=1 hifi −
∑n+1
j=1 djpj = 0, where dj ∈ m for
1 ≤ j ≤ n+ 1. Considering the σ-leading form of σ-order n2 + n+ i− 1,
in the above expression, we get hi ∈ m. Therefore {f¯1, . . . , f¯n} is linearly
independent in pn/mpn. Let {f1, . . . , fn, g} be a minimal generating set of
pn, we may assume that this set of generators satisfies the condition of the
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theorem 2.1. Let gσ be the σ-leading form of g. Then by [3], section 3,
there is a non trivial relation
b(n−1)(n−1)(0, 0, 0)zf
σ
n−1+b(n−1)n(0, 0, 0)yf
σ
n +b(n−1)(n+1)(0, 0, 0)xg
σ = 0.
Therefore, by construction of fσn+1, we have g
σ = cfσn+1, for some c ∈
k. Since xfσ1 , g
σ generates Vn2+2n, we get that xf
σ
1 , f
σ
n+1 also generates
Vn2+2n. Hence by 2.1, we claim that f1, . . . , fn+1 generates pn. 
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